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Abstract 

We study the 2-D Helmholtz equation in perturbed stratified media, 
allowing the existence of guided waves. Our assumptions on the perturb- 
ing and source terms are not too restrictive. 

We prove two results. Firstly, we introduce a Sommerfeld-Rellich ra- 
diation condition and prove the uniqueness of the solution for the studied 
equation. Then, by careful asymptotic estimates, we prove the existence 
of a bounded solution satisfying our radiation condition. 

1 Introduction 

A classical problem in studying the Helmholtz equation 

Au + k'^n{x,z)'^u^ f, (a;,z)eR2 (1) 

is that of finding a physically meaningful criterion for uniqueness of solutions. 
When k is real (and nonzero) and n is a real-valued function, the Sommerfeld 
radiation condition (see [Solj and [So2j ) and the Rellich Theorem (Rel] are the 
basis for such studies. Many papers have been written to extend the Sommerfeld 
and Rellich radiation conditions to situation in which the index of refraction n 
has special properties. If the refraction index tends to a constant rioo in all 
directions (with an appropriate behaviour), the usual uniqueness assumption is 
given by the so-called outgoing Sommerfeld radiation condition 

N 

lim R'^ {uji — ikrioou) = 0, (2) 

uniformly; here, N is the dimension of the space and R is the radial variable. 
Under the same assumptions, Rellich condition is 

lim / \ufi — iknocul"^ da — 0, (3) 
-R— >-l-oo J 
dBR 

where Bn is the ball of radius R and da is the surface element. 
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Both the conditions above say something about the geometry of the level 
sets of the phase of the solution: they are circles at leading order and their radii 
grow at a specific rate. 

When such homogeneity condition at infinity of the refraction index is per- 
turbed, it is unclear which should be the right geometry. Many papers have 
been written on this topic; we refer to Section 1 in [CM2j and references therein 
for a more detailed description of known results. Moreover, large perturbations 
of some fixed refraction index could change the rate of growing of the radii of 
the level sets of the phase function (that correspond to the right choice of the 
propagation constant in the radiation condition). 

In this paper a step forward in those directions is given for the Helmholtz 
equation 

Au+lk^ni^xf +p{x,z)]u = f, (x, z) G M^ (4) 
where n is of the form 

{n+, X > h, 
ricoix), \x\ < h, (5) 
n_, X < —h; 

here A: > 0, nco(-) is a real-valued function of bounded variation of the variable 
X, with n+, n_, h positive constants and p is a perturbing term satisfying certain 
hypothesis to be specified later. 

Our work is motivated by the study of infinite open waveguides. Under the 
weakly guiding approximation (see jSLj ). and for p = 0, ^ describes the elec- 
tromagnetic wave propagation in an optical or acoustical waveguide, where k is 
the wavenumber and n is the index of refraction. The peculiarity of the problem 
is the fact that the index of refraction n is not a compact or small perturbation 
of the plane, and it may cause the appearance of guided modes, i.e. waves which 
propagates (each one with a different constant of propagation) in the z-direction 
without decaying. We will call radiating waves the waves that are not guided 
by the waveguide. 

Our work is based on the knowledge of a Green's function G for the non- 
perturbed (p = 0) Helmholtz equation 

Au + k'^n{x)'^u = f, {x,z)£R, (6) 

with n given by ((5|); as done in [Wij . such a Green's function can be found by 
using Titchmarsh theory [Tlj on eigenfunction expansions. We will make use of 
the results and notations in [M5] . |CM1 j . [CM2j . [Ci2] (where the case rt-|_ — n_ 
is deeply studied) and ^Cil| and [Chj (for the expression of the Green's function 
in the general case). 

Due to the presence of guided modes, the usual Sommerfeld radiation con- 
dition does not guarantee the uniqueness of solutions. The conditions proposed 
in |CM2| , [Xul| and [Xu2| provide the uniqueness for the Helmholtz equation in 
stratified media and they consist in a collection of Sommerfeld-like conditions 
for all guided components of the field and for the radiative component, each of 
them having its own wavenumber. In [Xul] . [Xu2j . the author studies the case 
of a stratified medium with compactly supported inhomogeneities and gives a 
radiation condition in the spirit of ([2]). In ^CM2j and [Ci2| analogous results 
are obtained by using an integral formulation of the radiation condition. In the 
present paper, we improve the mentioned results in the following sense: (i) we 
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weaken the radiation condition (we use a radiation condition which is in the 
spirit of ([3])); (ii) we consider inhomogeneities that can be extended to infinity 
in the direction of the waveguide but have to be small in some sense (see (H2) 
later). 

We denote by uq the radiated part of the solution, ui, . . . ,um the guided 
ones and /?/ the propagation constant corresponding to ui, I = 0,1, ... , M, (see 
[CM2| or Section [3] for a rigorous definition of ui and /?/). Then, the radiation 
condition introduced in |CM2] (for the case rid '■= nj^ = n_) is 



duo ., 

— ikuciuo 

ov 



MdR 



dVlR 



M 

E 

1=1 



dui 

^PlUl 

ov 



dldR < 



(7) 



dQR 



where R ~ \J + z^, v denotes the outward normal derivative and 



Qr^{{x,z)^^^ ■.\x\,\z\<R] , ^R={{x,z)^^^ ■.[x\l + z' <R^] , (8) 



with 

{X -\- h, X < ~h, 
0, -h<x<h, 
X — h, X > h. 

In [CM2j it was also noticed that also the following radiation condition 



(9) 



M 

E 

/=0 



dui 
dv 



i(3iui 



dldR < +00, 



(10) 



dilR 



still guarantees the existence and uniqueness of a solution for ^ . 

Both condition ([7]) and PH)) say that the level sets of the phase of the radiat- 
ing part of the solution are given by the sets driR. An asymptotical approxima- 
tion of the sets dflu may be also used in the radiation conditions (in particular, 
it may be also a ball); we prefer to use the sets Qr because they lighten the anal- 
ysis the asymptotic behaviour of the Green's function (see [CM2] '). Regarding 
guided waves, ([7]) and pU|) do not seem to distinguish which is the right geome- 
try of the level sets, even if both of them ensure the uniqueness of the problem. 
We notice that guided waves are one dimensional solutions of the Helmholtz 
equation and thus the level sets of the phase function are just straight lines in 
the x-direction. 

In this paper we provide a radiation condition of Sommerfeld-Rellich type 
which guarantees the uniqueness of solutions of (jl]), with n given by (O and 
where p : R-^ — > C is such that 

(HI) p{x, z) — for \x\ > xq for some positive xq; 



(H2) p satisfies 



sup 

(?,C)eR2. 



\G{x, z;^,()p{x, z)\dxdz < 1; 



(11) 



here, G is the Green's function for the unperturbed stratified medium mentioned 
above (see Section [2] for more details). In particular, we are assuming that the 
perturbation is small in some sense and has compact support in the direction 
transversal to the waveguide. Our first result is the following: 
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Theorem 1.1. Let p satisfy assumptions (HI) and (H2). There exists at most 
one bounded solution of ^ satisfying 



lim / ^ - ikn(x)uo ^de + YVR f ^ - ifim di = 0; (12) 



here, v denote the outward normal and VLj^ and Qn are given by 



We notice that Theorem 1 1.1 1 still holds if we consider the following radiation 
condition 

1™ y I ^-tPm^de^O. (13) 

1 n 



We prefer to use (|T2|) because it better describes the behaviour of guided modes: 
(i) the sets Q r suggest the geometry of the level sets of the guided modes (which 
are straight lines in the x-direction); (ii) the presence of ^/R suggests that guided 
modes are lower dimensional solution of the Helmholtz equation. 

The latter result of this paper concerns the existence of a solution satisfying 
P^ . We shall assume that p satisfies the following additional assumption: 

(H3) p e L2(m2) jg g^^j^ ^j^g^^- 

J \p\^d£<CiR-^'+^'\ (14) 

for some constant ci > and S > ^. 
Then, our result is the following: 

Theorem 1.2. Let f and p satisfy the assumptions (HI) and (H3) and assume 
that p satisfies (H2), too. Then, there exist a unique bounded solution of (jj]) 
satisfying the radiation condition ()12p . 

In particular, such a solution is the only bounded solution of the following 
integral equation: 

u{x, z) = / G{x, z- 1 Olfit ~ P(C, CHt CMdC (15) 



We notice that, if the waveguide is not rectilinear, the propagation constants 
(3i become complex (see, for instance, [KNHj ) . Theorem 11.21 guarantees that, 
under the given assumptions, the propagation constants of the radiating and 
guided parts of the solution are (approximately) the same as in the unperturbed 
case and (fT2|) still guarantee the existence and uniqueness of a solution. To the 
author's knowledge, it is not known if the exponent S in (H3) can be improved 
(see also [E^ for the case of non-stratified medium). 

The paper is organized as follows. 

In Section [21 we recall and prove some preliminary results which will be 
useful in the rest of the paper. 
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Theorem 11.11 will be proved in Section [31 The technique used is in the spirit 
of classical results on the Hclmholtz equation, in particular those contained 
in [Mil| and [Mi2| . Other techniques may be used to prove such theorem (for 
instance, the Limiting Absorption Principle, see [Ho] and |Wej ) : we shall include 
our proof of Theorem 11.11 because it is simple and direct. 

In Section 2] we will prove Theorem 11.21 Here, a careful analysis of the 
asymptotic behaviour of the solution is done. Similar arguments for the free 
space case can be found in [Ei] . 

We wish to mention that our approach can be generalized to stratified media 
in higher dimensions and in more general unbounded domains. Clearly, stratified 
media in higher dimensions may present more than one kind of stratification 
(in three dimensions, for instance, planar or cylindrical stratifications lead to 
different behaviours of the solution). Once a uniform asymptotic expansion of 
the Green's function is known, then it is possible to use the same technique in 
this paper and obtain analogous results. This will be the object of future work. 



2 Preliminaries 

In this section we recall and prove some results for the unperturbed Helmholtz 
equation, which will be useful in the rest of the paper. We notice that the case 
71+ = n_ has been deeply studied in [MSj. |CMlj . [CM2| and |Ci2j and we refer 
to such works for a more extensive description of results and of the formulation 
of the outgoing Green's function. 

By following |Wi| (see also Chapter 2 in [Cil| ). we write a solution u of ([SI) 
in terms of a Green's function G, which is a superposition of solutions of the 
associated homogeneous equation: 

u{x, z)^J G{x, z; ^, Of it Od^dO (16) 

where 

M 

G(x,z;C,C) = Go(x,z;^,C) + ^Gz(x,2;^,C), (17) 

1=1 

with 

Gi{x,z;tC)= ^\^^ e(a;,70e(g,7;), ; = 1,...,M, (18) 

and 

Pi = Vk^nl~ji, l^l,...,M- (19) 

Here, 7; and e(x, ^i), I — 1, ... , M, are, respectively, the eigenvalues and eigen- 
functions of the eigenvalue problem associated to ^ and obtained by separating 
the variables. In particular, by setting 

= maxn, q{x) — k'^[n'l -— n{x)'^], (20) 

e{x,ji) is the only G^ solution of 

e" + ill - q{x)]e ^ 0, in M, 
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such that ||e(-, 7/)||i2(][j') = 1 and which vanishes exponentiaUy as \x\ — )■ +00 

(see [MS])- — J2fLi Gi represents the guided part of the Green's function, 
which involves the guided modes, i.e. the modes propagating mostly inside the 
waveguide; each Gi, I — I, . . . , M, corresponds to a single guided mode. 

In P?)) . Go is the part of the Green's function corresponding to the non- 
guided energy, i.e. the energy radiated outside the waveguide. In |CM2] the 
case Jici :— ~ n_ has been carefully studied; in particular, it was proved 
that, for ^ and C fixed, the following asymptotic expansions 

f)G 

Go = 0(i?-^), -^-tkn,iGo = OiR-i), 

uniformly as i? +00 on the sets dQ,R, given by ([S]). 

In the present paper, since we are allowing n+ and n_ to be different, we 
shall make use of the following result: 

Lemma 2.1. Let Gq be the Green's function mentioned above. Then, for ^ and 
fixed, we have 

J IGol^da ^0{1), J ^ -ikn{x)Go^dcr ^0{R-^), (21) 
where Vlji is given by ([5]). 

Proof. The results are a consequence of the (uniform) asymptotic expansion of 
Go for R large. That can be done by following [Ch] and [CM2| . □ 

Lemma 2.2. Let {x, z), £ R'^ and m — {x — ^, z — () with \u;\ < 1. There 
exists a positive constant Gi independent on x,z,^,C,, such that 

|Go(x,z;e,C)-:^log|^|| <Gi. (22) 

Proof. In order to avoid heavy calculations, we carry out the scheme of the 
proof only for the case studied in [CM2j, i.e. for rid '■= = n_. 

Instead of proving (j^ . we shall prove that |Go(x, z; ^, (^) — Gfs[x,z;S^,C,)\ 
is uniformly bounded; here, we denoted by Gps the outgoing Green's function 
of the free-space case, i.e. Gfs{.x,z;S,,C,) = {Airi)'^ H'^\knci\uj\), where Hq^' is 
the zeroth-order Hankel function of the first kind. 

The following integral representations will be useful for proving the lemma: 

Gfs{x,z;S,X) = ^ y" e*'^"<='[(^-«)"'"*+l"-^l™''*ldi, (23) 
c 

Go(a;,z;^,C) = / ^(x, ^; i)e''="'^'([^l'' ™'+'"-^' (24) 



with C being the contour path shown in FigdJ We shall not write the explicit 
expression of g in ([24]) and we refer to formula (3.8) in [CM2| for details since, 
here, we will make use only of the following asymptotic formula: 

{x}h 

5(x,^;t) = ^e^'="-(M''-«)-'^*|i+^^-^ / M'-9(y)]rfy}+c^( 



I sinil 
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Figure 1: The contour C. 



which holds as |t| — > oo on C, uniformly for a; G M and ^ bounded (see Lemma 
A. 2 in [UM2j ); here, {x}h ■= x — [x]h, with [x]h defined by ©. Lemma A. 3 
in |CM2j assures that g is bounded on C. Thus, ([22]) follows straightforwardly 
from ((131), (HH), the above asymptotic expansion of g and by observing that 
{x}h + [x]h =x. □ 



3 Proof of Theorem 11.11 

We consider a solution u of and define 



+00 



ui{x,z) = e{x,^i) I u{^,z)e{^,ji)d^, l = l,...,M, 



(25a) 



and 



Uo 



{x, z) — u{x, z) — ui{x^ z). 



1=1 



(25b) 



Lemma 3.1. Let u be a weak solution of 

Au + [fc^n(a;)^ +pix, z)]u = 0, (a;, z) G M^ 
and define ui, I = 0,1, ... , M , as in ()25p . Then, ui is a weak solution of 
Aui + k'^n{x)'^ui ^ -^pi, l = 0,l,...,M, 

where we set 



(26) 



i)i{x,z) ^ e{x,ji) p{^,z)u{^,z)e{^,ji)d^, 1 = 1,. ..,M, 



(27a) 



and 



M 



(27b) 



(=1 



Proof. The proof is analogous to part of the proof of Theorem 2.6 in |CM2] and 
hence is omitted. □ 
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Lemma 3.2. Let , C) G be fixed and R be such that {£,,C) G ^-R- I^^i u be 
a solution of (j26p .' then, we have the following identities: 

uo{^X) + Jco^odxdz^ J (^uo^ - Go^^ di, (28a) 



H 

e(Ci7/) J e{s,-fi)u{s,<^)ds + j Giipidxdz = J (^^'^^~^'^ 
-R Qr OQr 

for I ~ 1, ■ • ■ , M , and where ipi, I — 0, ... , M , are given by (|27p . 

Proof. Thanks to Lemma |3. II we have that 

J {uiAGi - GiAui)dxdz = J [ui{AGi + k^n{xfGi) + Gii^ijdxdz, 



d£, (28b) 



D 



for / = 0, 1, . . . , M, and where _D is a (smooth enough) bounded domain (notice 
that, since it is a weak solution of ([26|l . by Theorem 8.8 in GTJ, the integrals 
in (P^l) make sense). The above formula and the second Green's identity yield 

[ui^ - Gi^^ J [ui{AGi + k^n{xfGi) + Gii>i]dxdz, (29) 

dD D 

for / 0, 1, . . . ,M. 

Firstly, consider the case I = Q. Thanks to Lemma [2.21 we know that Go 
has a singularity for {x, z) = (^, C,). We denote by the ball centered in (^, 
of radius e and consider ((29|) with D = nif \B^; thus, (j28ap follows from ([29|) . 
Lemma 12.21 and by taking the limit as e — > 0+ . 

Now, let / = 1, . . . , Af be fixed. From ^ it follows that AG; + k^nixfGi 
has a singularity for z = C. By setting D — Qr \ {{x, z) e : |z — CI < s} in 
we obtain (|28bp by taking the limit as e 0+. □ 



Proof of Theorem \l.l[ Let assume that and are two bounded solutions 
of (III) satisfying (fT2|) and consider u = — u^. It is clear that m is a bounded 
solution of (|^ and satisfies (fT^ . We write u = mq + mi + . . . + ma/ as done in 

Let (^, C) be fixed and consider R large enough such that (^, C) G ili^. We 

set 

\gfl, l^l,...,M, 

and 

J{R) ^ uo{^,C) +^e{^,^i) / e(s,7i)'u(s,C)c?s + X! / GiiJidxdz. 
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By summing up identities (pS)) for I — 0,1, . . . , M and thanks to a simple ma- 
nipulation, we obtain that 



M „ 

an<'- 



ui ( - iPiGij - Gi - if3iui 



di. 



where we set /3o := kn{x) (since it is not relevant in this proof, we are omitting 
the dependence of /3o on x). Triangular and Cauchy- Schwartz inequalities yield 



— iPiGi 



dl 



dui 
dv 



if3m 



de 



(30) 



Thanks to ([25| . Lemma 3.7 in |CM2| and Fubini-Tonelli's theorem, we obtain 



that 



lim J{R) — u{(_, + / G{x, z; ^, Qp{x, z)u{x, z)dxdz. (31) 



From (dH), (pij) and since each li;, ^ = 0, 1, . . . , M, is bounded, we have that 



|Gopd£-0(l), J \Gi\^d£ = 0{R), 1 = 1 



,...,M, 



and 



y \ui\^d£ = 0{R), 1 = 0,1,..., 



M, 



as i? ^ +oo; furthermore, from we easily get that 



an 



(1) 



dGi „ 



dl, l = l,...,M, 



vanishes exponentially as i? ^ +oo. From the above asymptotic estimates, (pij) 
and since u satisfies ((HI), it follows that the right hand side of ((5(1)1 vanishes as 
R +00. Thus, by taking the limit for R +00 in ((SO]) , from ((5T|) we have 
that 

'"('?jC)+ / G(x, z; ^, C)p(x, z)m(x, z)(ia;(iz = 0. 



Since m is bounded and by setting L = sup 1^(0;, z)\, from the above formula 
we have 

L<L sup / |G(a;, z; ^, ^)p(x, z)|(ix(iz. 



which, together with (jlip . implies that L = 0, i.e. mi = U2- 



□ 
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4 Proof of Theorem 11.21 

The proof of Theorem 11.21 is a consequence of the foUowing two lemmas. 

Lemma 4.1. Let ip G L^(R^) be a complex valued function satisfying (HI) and 
(H3). Then, the function 



wo{x,z)= I Goix,z;(X)^{^X)dCdC 

satisfies 



hm 



dwo 

— iknixjWQ 

Of 



2 



dl = 0, 



with f2fl given by 



Proof. We set d{x. z) — \/\x\l+z^ and notice that dftp;, R > 0, are the level 
sets of d. Let {x, z) £ dilu and set p = i?", for some < s < 1. We have: 

dvu f 

-{x, z) — ikn{x)wo{x, z) = [VGq • Vc?(a::, z) — ikn{x)Go]f{S,, (^)d^d(^ 



dv 

= / [VGo • Vd(x, z-C)- ikn{x)GQ]ipd^dC 



+ / VGq • V[d(x, z) - d{x, z - C)]vd^dC 

[VGo • Vd(a;, z) - ikn{x)Go]ipd^dC 
+ J VGo • yd{x, z)ipd^d( - J ikn{x)Go(pd^d( 

Bi {x,z) Bi {x,z) 

^h + h + h + h-h- 

Since the quantity VGo ■ Vd(a;, z — C) — ikn{x)Go depends on x,^ and z — Ci from 
Lemma \TJ\ we have that [VGq • Wd{x, z — C) — iA;n(a:)Go| = 0{R~^) uniformly 
for 5 and ( bounded, and thus = 0{R^^) (notice that p4p implies that 

From (HI) we can assume that ^ is bounded and, from Lemma l2.H we infer 
that [VGo I and Go are bounded in flp for R large enough. Thus, since 

|Vd(a;,z)-Vd(x,z-C)| 
we have that I/2I is estimated (up to a multiplicative constant) by 

^ J icM^xmdc 
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Coarea formula (notice that |V(i| = 1) and Holder inequality yield 

p P i 

J \CMtCmdC< J r J \^\de dr < ^2{n + h) J ri ( J l^l'diV dr, 
Op dQr 

and thus, from HH), we obtain that h = ©(i?^^^"'')"^). 

From Lemma 12.21 and since \Vd\ = 1, we obtain that (up to a multiplicative 
constant) j/sl is bounded by 

'1^(^,01^^^^ 



and thus h = 0(i?-"^). 

In order to estimate /s, we use Holder inequality and notice that ||Go||l2(^j(^ 2)) 
is bounded by a constant independent on ^ and as follows from (|22p. Thus, 
from coarea formula and (1141). we have 



R+l 

M^X)\^d^dC< J J \ip\^dedr<2c,{R-l)-^'+''\ 

Bi{x,z) R-ldQr 

which implies that I5 — 0{R~i~^). 

By summing up the above estimates we find that 

|/i + /2 + /3 + 41 = o (nlax{i?-i,i^^(l-*')-^i^-^^i^-i-^}) , 

as i? — > +00, and thus 

J Ih +h+h+ h?dt = O (max{i?-2, ^-25s + l^ ^-2(l+5)|^ ^ 

as i? — > +00. By choosing < e < 1 such that 5 — e + 2{i-e) ^'^'^ setting 
s = 1 — e, we find that 

lim / |/i+/2+/3+/5|'d^ = 0. 
It remains to prove that 

lim / \h?di^Q. 

R^+00 J 

We set u! — {x — ^, z — (). Working as in the proof of Lemma [2T2j we prove that 
|VGo • to\ is bounded in Bi{x, z) by a constant independent on x, z, ^, Q. Thus, 
1 74 1 is estimated (up to a multiplicative constant) by 

Bi{x,z) 



11 



where we set p ^ {x — ^, z — Q. From Holder inequality, we estimate |/4p by 



\UJ\2 J \UJ\ 

Bi (x^z) B\ [x^z) 



— —1 — d^dC- 



Fubini-Tonelli's Theorem yields 



^^'■^'P^ didC dxdz < 



dnn Bi(x,z) 



Since 



1 



—dxdz ) d^dC 



/ -^dxdz = 0(R), 

J 

and from (fH)) . we obtain that 

J \h\^dxdz^O{R-^-'^^), 
ana 

which completes the proof. 

Lemma 4.2. Let tp be as in Lemma\4-.1\ Then, 



wiix,z)= / Gi{x,z;^X)v{^X)dCdC, 



I = 1, . . . , M , satisfies 



lim 



dwi 
dv 



iPiWi 



de = 0. 



□ 



Proof. Let (x, z) € dQa, with \x\ = R. Thus, ^ = and it is easy to show 
that 



dwi 



i(3iwi 



Ki\e[xni)\ / |e(e,70¥'(C,C)MerfC 



< iir,|e(a;,7;)||je(-,7/)|li^(R)||(/j||Li(R2), 



with Ki^ I = 1, . . . , N, positive constants; since |e(x,7i)| vanishes exponentially 
as I a; I +oo, we obtain that 



hm ^/R 



dwi 

— ipiwi 

ov 



d£^0. 



QRn{\x\ = R.} 

Now, we consider (x, z) e dQji, with \z\ ~ R (thus ^ — g^)- We write 

dGi{x,z;^X) 



dwi 

— ipiwi = 

ov 



{ICK-R} {ICI>fl} 



d\z\ 



iPiGi{x,z;^X) 
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From psp it follows that the first integral on the right hand side vanishes, since 
there \z\ > \C}. We estimate the second integral as follows: 

{|C|>-R} ■ R2\f2R 

Since <p satisfies (HI), coarea formula and Holder inequality yield 



/ HCXMdc^ J J \ip\dedr<V2^ J V^l J \^\'de\ dr- 



from (fTi]) we obtain that 



R dn^ 



+00 I \ 2 

R XdQ,. ) 



and then 



dwi 

— liiiwi 

av 



Since |le(-,7/)||2 — 1, we have that 



dwi 
dv 



i(3iwi 



QRn{\z\=R} 



de < 



< 



27rci 

S2 I 

27rci 
S2 I 



e(-,70IU~(R)^" 
e{-,ji)\\L°°(mR' 



-2S 



-26. 



\e{x,^i)\'^dx 



from the above estimate and since 5 > ^, we obtain that 



hm Vr 

R^+00 



dwi 

— ipiwi 

ov 



d£ = 0, 



QRn{\z\=R} 



which completes the proof. 



□ 



Proof of Theorem Firstly we prove that u is bounded and then show that 
it satisfies (fl^ . 

We notice that, if we prove that J Gf is bounded, then we conclude that u 

is bounded, as follows from (jlip and a contraction mapping theorem. In order 
to prove that, we write 



G(a;,z;e,C)/(e,CKrfC- (32) 



Bi{x,z) R^\Bi{x,z) 



Holder inequality and (I22p imply that the first integral on the right hand side 
is bounded by the norm of / multiplied by a constant independent on {x, z). 
We notice that the assumptions on / imply that / e L^(IR^); since G is bounded 
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outside Bi{x, z) (as follows from Lemmas 12 . II and | 2 . 2p . we obtain the boundness 
of the second integral on the right hand side in ([5^ and conclude that u is 
bounded. 

It remains to prove that u satisfies the radiation condition p^ . We write 
p5| as 

M 

u{x,z)^Y. J G/(x,z;C,C)[/(e,C)-p(e,C)"(e,C)]«; 

since u is bounded, the conclusion follows straightforwardly from the assump- 
tions on / and p by using Lemmas 14.11 and 14.21 □ 

Remark 4.3. In Theorem II .21 we assumed that / and p satisfy (HI). Such an 
assumption is due to the fact that, for proving Lemma |4. II we need an uniform 
asymptotic expansion of the far- field of Go, that we indeed have only if we 
assume that ^ is bounded. We notice that, in Lemma 14.21 the assumption can 
be omitted, as it is clear from its proof. 
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